In this paper, we study membrane deformations powered by a point force under the condition of high pressure and low tension, which is rarely studied but directly relevant for endocytosis in yeast cells with a cell wall. We show that the force-height relationship of membrane deformations under this condition is drastically different from that under conditions of high tension and low pressure. Depending on boundary conditions at the attachment point of membrane with the cell wall, the force-height relationship can exhibit qualitatively different behavior. Our theory is in excellent agreement with experimental shapes of membrane during endocytosis in yeast cells.
Clathrin-mediated endocytosis (CME) is an active process for eukaryotic cells to transport material from outside of the cell to inside [1, 2] . During CME, a patch of plasma membrane is bent into the cell and severed to release a vesicle. Deforming membrane towards the cytoplasm is opposed by membrane's resistance to bending and membrane tension. In walled cells, the inward deformation is also opposed by the high osmotic pressure [3] . For instance in yeast, the inner pressure relative to the outside of the plasma membrane can be up to 1 − 1.5MPa [4, 5] . It is believed that as a consequence of this high pressure, the membrane invagination exhibits a narrow tubular shape in yeast with a diameter of ∼ 30nm [6] , while in mammalian cells the diameter is of ∼ 100nm due to a relatively low pressure [7] .
In the past decade several theoretical models have been proposed to account for the membrane shape evolution during CME [8] [9] [10] [11] . Most of these models have assumed a small osmotic pressure (< 1kPa) and focused on the role of membrane tension. Such tension-dominant membrane deformations have been extensively studied in in vitro experiments where a membrane tether is pulled from a giant liposome [12] [13] [14] . In contrast, the pressure-dominant regime of membrane deformations, which is relevant to endocytosis in walled cells, has been rarely studied. The typical force barrier to invaginate a membrane against a membrane tension of 0.01pN/nm is only 10 − 100pN, whereas a substantial force (∼ 3000pN) is required to overcome a pressure difference of 1MPa [2, 15] .
The cytoskeleton protein actin is essential for generating the forces required for CME in yeast. How actin machineries produce force to bend the membrane remains unclear. A hypothesis is that polymerization of actin filaments is converted to a pulling force acting around the tip of the invagination through a push-pull mechanism [16] [17] [18] [19] .
In addition to the force generated by actin polymerization, membrane can also be bent by proteins that induce curvature. Clathrin molecules can assemble into a cage-like icosahedral lattice composed of hexagons and pentagons [20, 21] . This structure is proposed to act as a scaffold imposing a spherical cap onto the membrane and facilitate membrane invaginations. However a recent theoretical work argues that the induced curvature of membrane cannot spontaneously lift the membrane up against high pressure. Furthermore, the induced curvature hinders CME by increasing the force needed to lift the membrane off the cell wall [10] .
In this paper, we study the shape and force requirement for membrane deformations that are driven by a point force and by proteins that induce membrane curvature under conditions of high pressure and low tension. We show that the force-height (f -L) curves of pressuredominant membrane deformations are drastically different from that of the well-studied tension-dominant case. Depending on boundary conditions, the f -L curves demonstrate qualitatively different behavior.
We consider an axisymmetric membrane patch that is attached to the cell wall on a circular base of radius R b ( Fig. 1a and b ). The membrane patch is lifted up by a point force f to a height L relative to the cell wall. Outside of the circular region there is a lipid reservoir such that the membrane tension σ is kept constant, but not the area A of the membrane patch. An isotropic pressure p is exerted on the membrane, which possesses a bending rigidity κ and spontaneous curvature c 0 due to protein coating. The free energy of the membrane patch (combined with protein) can be written as
where H denotes the mean curvature of the membrane [22] , and V denotes the volume between the lifted membrane and the cell wall. 
Hereafter the dot indicates derivative with respect to s. Imagine a cut at Z = Z 0 that divides the membrane into an upper half Z > Z 0 and a lower half Z < Z 0 , the stress tensor γ t and γ n are the force per unit length exerted by the lower half on the upper half [23] , with the tangential component
and the normal component
The shape equation derived through variational method of the free energy (1) is simply the force balance equation for the upper half along the z-axis
At the attachment point R = R b , we impose a free hinge boundary condition (free-HBC, Fig. 1a ) such that the torque tensor (torque per unit length applied by the lower half on the upper half) vanishes,
or a fixed-hinge boundary condition (fixed-HBC, Fig. 1b ), which requires the angle
At the membrane tip s = 0, we impose ψ = 0.
To demonstrate the mechanical difference between pressure-dominant membrane deformation and tensiondominant one, we calculate the characteristic tube radius R p and force f p set by pressure, and R σ and f σ set by membrane tension respectively. In the pressuredominant case, they read:
In the tension-dominant case, they are [24] :
As for endocytosis in yeast cells, σ ≈ 0.01pN/nm [11] , p ≈ 1MPa [4, 5] and κ ≈ 300k B T [25] . These lead to an estimation of R p ≈ 8.5nm and f p ≈ 700pN. Compared with R σ ≈ 250nm and f σ ≈ 30pN, the pressure is apparently dominant over membrane tension as the major factor that opposes endocytosis. For the rest of the paper, we will focus on the regime where f p f σ . We first study membranes without spontaneous curvature, i.e., c 0 = 0. Eqs. (2) and (5) shooting method for various base radii R b [26] . For both boundary conditions, the f -L curve is non-monotonic and a force peak F max appears at a relatively small height L when the membrane is dome-shaped ( Fig. 1c and d , inset). As the membrane is lifted further up, the morphology goes from a dome-shape to an Ω-shape, which is indicated by the appearance of a narrow neck. The force f then drops down with L and approaches the elongation force F e ≡ lim L→∞ f (L), which equals f p in this case. This trend is similar to the f -L curve for tensiondominant deformation [24] . However, two striking differences should be noted: (i) In the pressure-dominant regime discussed here, a nonzero initiation force F init ≡ f (L = 0) is needed to lift the membrane patch just off the cell wall and F init scales with the base radius R b as F init = 3 8 πR 2 b p for free-HBC and F init = 1 4 πR 2 b p for fixed-HBC [26] (Fig. 1e and f, solid lines and diamonds) , whereas in the tension-dominant regime, F init = 0 is independent of R b [24] ; (ii) When pressure dominates, the peak force F max significantly varies with base radius R b (Fig. 1e and f, solid circles) , whereas in the tensiondominant regime, F max always overshoots 13% relative to the equilibrium force f σ [24] , independent of R b . We then consider the effect of membrane curvature c 0 induced by proteins on membrane deformations. The base radius is fixed at R b = 2R p . For both boundary conditions, at large c 0 , the f -L curve is broken into two branches, one with a low membrane height (small L), the other with a high membrane height (large L). In the small-L branch, one L has two corresponding forces f . The larger f corresponds to a solution with a dimple shape ( Fig. 2a and b, inset, circles) , while the smaller f corresponds to solution with an Ω-shape. The free energy of the dimple-shape is lower than the Ω-shape, therefore more stable [27] . The large-L branch starts from a point at which the force f is almost zero, and exhibits a vesicular shape budding off from the membrane ( Fig. 2a and b, inset, pentagons) . This implies that if a long tube is pulled out and maintained by a force, when the force is released, a vesicle will spontaneously form.
We also notice a qualitative difference in the f -L curve between the two boundary conditions. Under free-HBC, the initiation force F init drops down with increasing c 0 and becomes even negative for c 0 R p > 0.4, which implies that the membrane patch can be lifted off the cell wall without external forces. By contrast, under fixed-HBC, the initiation F init remains almost constant ( Fig. 2 c and  d , solid lines and diamonds). In addition, the force barrier F max has a noticeable reduction with increasing c 0 under free-HBC, while F max almost has no change under fixed-HBC ( Fig. 2 c and d, solid circles) . As for the elongation F e , both boundary conditions give the same value, which is essentially the force obtained by approximating the membrane shape as a cylinder.
So far we have considered deformations of membrane with a homogenous spontaneous curvature c 0 . This describes a membrane coated with proteins that produce membrane curvature c 0 and the coating area is growing with the patch. We next extend our model to the case where the coating area of curvature-producing proteins is constant. In this case, the spontaneous curvature is spatially varied as
where a(s) is the surface area that obeysȧ = 2πR. The coating area is a 0 and the parameter α controls the sharpness of the coating edge. The membrane tension σ for this inhomogeneous membrane is no longer a constant but spatially varies to enforce the area of membrane is locally unstretched [8] , and is governed bẏ
We then consider the effect of coating area of proteins a 0 on the membrane deformation. The spontaneous curvature and the base radius are fixed at c 0 R p = 1 and R b = 2R p . Under both boundary conditions, for large a 0 , instead of showing a single peak force F max as seen on the f -L curve for small a 0 , two local peak forces F 1 max and F 2 max are present ( Fig. 3 a and b ). The first peak F 1 max can be reduced to even below the elongation force F e = f p . The second peak F 2 max is slightly greater than f p ( Fig. 3 c and d, solid circles and pentagons) . Under free-HBC, the initiation force F init goes down and remains negative with increasing a 0 . However, under fixed-HBC, F init are positive for both small and large a 0 , but are negative for intermediate values of a 0 ( Fig. 3c and d, diamonds) .
To test the validity of our theory, we compare the calculated membrane shapes with that obtained by electron microscopy in budding yeast (Fig. 4) [6] . Based on the observation that the coating area of clathrin remains constant during CME [7] and the number of clathrin molecules fits a hemispherical cap [28] , we assume a coating area of proteins a 0 = 2πR 2 p that induce a membrane curvature c 0 = 1/R p . The characteristic radius R p is chosen such that the membrane neck is absent until the membrane height reaches L = 42nm as observed experimentally. For free-HBC, one gets R p = 15nm and for fixed-HBC R p = 18nm. Here we show the results for (c, d) The first peak force F 1 max (circle), the second peak force F 2 max (pentagon) and the initiation force Finit (diamond) for various a0 with free-HBC in (c) and fixed-HBC in (d). free-HBC and leave the results for fixed-HBC in the supplement. The experimental shapes are divided into three groups to represent different stages of endocytosis according to the membrane height. Our calculated shapes agree well with the experimental data, particularly in the early stage when the membrane height is low (Fig. 4 a) .
For membrane shapes that are higher than 65nm, experimental membrane shapes are typically asymmetric and exhibit a narrower neck than the calculated ones, probably due to the presence of other membrane proteins that arrive later during endocytosis and that produce large curvatures at the neck of the invagination. We also compare two geometric features of the membrane shape calculated by our theory with experimental data. One is the tip radius R t which is the reciprocal of the mean curvatureψ averaged over an arc that extends over 15nm from the tip of the invagination [6] (Fig. 4 b) . The other is the distance between the neck and the tip D t (Fig. 4 c) . The tip radius R t drops from 50nm to 13nm as the membrane height increases, and our theory fits well with the experimental data ( Fig. 4 b) . When necks appear, the distance from neck to tip D t initially grows slowly with membrane height. When L > 80nm, D t scales almost linearly with L ( Fig. 4 c) with a larger slope than the initial phase, again matching well with the experimental data.
Our results suggest that boundary conditions at the points where the membrane is attached to the cell wall can generate qualitatively different results for the force requirement of membrane deformation. This helps explain the results discovered in Ref. [10] that induced membrane curvature by proteins hinders CME by increasing the initiation force F init . The authors adopted a similar model to our homogeneous membrane but a slightly different fixed-HBC than ours. Instead of fixing the base radius R b , they require the conjugate variable of R b , the tangential tension γ t = 0 and arrived at the conclusion F init ∝ c 0 . In that case, a large external torque τ , which is proportional to c 0 , has to be applied to enforce the angle ψ = 0 at the contact point, and the large initiation force might be a result of the large external torque.
The comparisons with experiments for partially coated membrane suggest that proteins that induce membrane curvature, such as clathrin, indeed facilitate CME, regardless of the boundary conditions. A shallow dimpleshaped membrane invagination can be spontaneously formed without any forces. With the fitting parameter R b obtained to match the membrane height at which a neck appears, we infer that the force barrier for CME in yeast can be reduced to ∼ 2000pN for free-HBC and ∼ 3000pN for fixed-HBC with the assistance of a clathrin coat. However, this is still beyond the force that can be generated by polymerization of 150 − 200 actin filaments at the endocytic site [28] . Investigating nonpolymerization based force production by actin machin-ery will be our future work. A possible way is to release the elastic energy stored in geometrically frustrated crosslinkers, such as fimbrin [29] .
